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Abstract. I recap the Euler-Poincaré reduction for the Lagrangian of a free (and non-free) rigid body and discuss

the constraints and time steps for the Time Optimal Attitude Control Problem for a Rigid Body. Finally, what

I’d like to motivate is an implementation of the Discrete-Time Time Optimal Attitude Control algorithm in [2].
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Part 1. Executive Summary

1. Equations of Motion

The continuous equations of motion for attitude dynamics of a rigid body are [1], [2]

IΩ̇ + Ω× IΩ = u(1.1)

Ṙ = RΩ̂(1.2)

where 1.2 is the reconstruction (or attitude) formula. It is a differential equation with time-dependent

coefficients. Solving for R yields the integral curve R(t) ∈ SO(3) for the orientation of the rigid body. The

equations of motion are derived from the variational principle and then the Euler-Lagrange equations which is

roughly outlined in 5.
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2. The Problem to Solve

This follows closely to [2].

The control moment (i.e. torque) u = u(t) is contrained to be less than a given control limit ū ∈ R, i.e.

‖u‖ ≤ ū.

The objective is, given initial altitude R0 and initial angular velocity Ω0, (R0,Ω0), to reach a desired Rf and

angular velocity Ωf (which would usually be Ωf = 0), (Rf ,Ωf ).

But we want to reach this, do this, within a minimal maneuver time tf .

Given (R0,Ω0), and desired (Rf ,Ωf ), and given ū, then the problem is to find a u = u(t) such that we minimize

the maneuver time

(2.1) min
u
{J :=

∫ tf

0

1dt}

such that R(tf ) = Rf , Ω(tf ) = Ωf and subject to the constraints of constrained control moment ‖u(t)‖ ≤ ū,

∀ t ∈ [0, tf ] and the equations of motion 1.1, 1.2. This is the so-called Time Optimal Attitude Control Problem

[2].

The variations

δR = RΣ̂(2.2)

δΩ = Σ̇ + Ω× Σ(2.3)

derived at 7.1, 7.3, dictate the discrete time step that an implementation of a solution to the Time Optimal

Attitude Control Problem.

As of right now (April 20, 2015, 7:29 AM PST), it would be desired to understand what the current status and

architecture of the control system of the Falcon 9R, implement the Discrete-time Time-Optimal Attitude Control

[2], determine the moment of inertia tensor I, and run the algorithm.

Part 2. Introduction

3. Rationale

It concerns me greatly that the Falcon 9R tipped over and dropped and exploded. This had been a second attempt

at a first stage rocket landing.

It would be interesting to explore if all aspects of mathematical physics was employed and implemented into the

dynamic stability and control of Falcon 9R. In particular, it would be interesting to look at what the symmetry

of the Lie group SO(3), the group of rotations, says about the dynamics (i.e. equations of motion) of the rocket

as a rigid-body.

The first place I looked, as my background is in theoretical and mathematical physics, is for a MIT OCW

(Open CourseWare) that discusses control, dynamics, and stability [3], [4]. The problem is that the presented

optimal control schemes for the dynamics of a rigid body uses coordinate representations such as Euler angles

and quaternions. The minimal attitude representations such as Euler angles have singularities. This is due to

the fact that as SO(3) is, as a Lie group, a smooth manifold, and cannot be represented by one chart, but a

multiple number of charts, as it is isomorphic RP 3, so at least two charts, such as the two stereographic charts. In

other words, the Euler angles is a particular choice of coordinate functions on a chart and a chart cannot entirely

cover SO(3). Along with the unit norm constraint, the quaternion representation is a double cover of SO(3).
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Quaternions are not even topologically equivalent to SO(3)! They are more suited for a representation of SU(2)

for the spin of non-relativistic particles.

Part 3. Theory

4. Setup

Assume a Newtonian spacetime manifold M , such that M = R×M(x), i.e. there is a foliation of spatial manifold

M((x)) by a global or “absolute” time t coordinate with t ∈ R

The physical setup follows closely from Holm, et.al.[1] or your favorite Mechanics book [5]. For any rigid body,

let label X be a label of any particle on the rigid body, where X is relative to a body coordinate system or body

frame, moving relative to a chosen “inertial spatial coordinate system.” Let x(t) be the spatial position of that

particle in this chosen inertial frame. Then clearly

x(t) = R(t)X

The label X for a particle on the rigid body is set in time, as that is how a body frame is, as it rotates and moves

with the rigid body, and so X is constant in time. Thus

(4.1) ẋ(t) = Ṙ(t)X = Ṙ(t)R−1(t)x(t)

Let the spatial angular velocity vector ω̂ be defined as

(4.2) ω̂ = ṘR−1

What one should rather do is to examine the SO(3) Lie group of rotations of a rigid body, R = R(t), that is a

function of time t, so to analyze and take advantange of the symmetries due to this Lie group in describing the

dynamics of a rigid body. The SO(3) Lie group is defined as such:

SO(3) = {R|R ∈ GL(3,R), RRT = 1}

where GL(3,R) is the Lie group of general linear transformations on a 3-dimensional vector space with field R.

So the inverse element of SO(3) is equal to its transpose: R−1 = RT .

SO(3) can be shown to be a smooth manifold as it is a Lie group. Then R(t) in time t is interpreted as a curve

or path on SO(3), i.e.

R : R→ SO(3)

R = R(t)

and the tuple (R, Ṙ) can be interpreted as a vector living on the tangent space TRSO(3) at pointR on SO(3):

(R, Ṙ) ∈ TSO(3)

and for notation, I will use (R, Ṙ) ≡ Ṙ interchangeably, to be a vector in the tangent space of R.

Because every Lie group admits a left-invariant smooth global frame [6], one can always do a push-forward of the

left translation of Ṙ onto the Lie algebra of Lie group G = SO(3).

Because every left invariant vector field on a Lie group is complete, and that LR−1 is a diffeomorphism between

a neighborhood of R to a neighborhood of 1 ∈ G = SO(3) by the fundamental theorem of flows [6], then the

tangent space at R, TRSO(3) is isomorphic to the Lie algebra so(3) or, isomorphically, T1SO(3), i.e. the tangent

space of SO(3) at R = 1, the identity.

Summarizing all this with commutation diagrams (that commute):
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SO(3) SO(3)

TRSO(3) T1SO(3) = so(3)

LR−1

(LR−1)∗

3

R LR−1R = 1

(R, Ṙ) (1, (LR−1)∗Ṙ) = (1, R−1Ṙ)

LR−1

(LR−1)∗

Notice that it is in the special case of matrix Lie groups such as SO(3) that the push forward of the left translation

is simply the matrix multiplication on the left by the Lie Group element, which in the above case is R−1.

The Lie algebra so(3) is the Lie algebra of skew-symmetric matrices and is a 3-dimensional vector space, i.e.

dimso(3) = 3:

so(3) = {ω|ω ∈ GL(3,R), ω = −ωT }

There is an isomorphism between R3 and Lie algebra so(3) (as, keep in mind that, so(3), by definition of a Lie

algebra, is a linear vector space), called the hat mapping:

̂: R3 → so(3)

given by

(4.3) ω̂ :=

 −ω3 ω2

ω3 −ω1

−ω2 ω1

 or
ω̂ij = −εijkωk

εijlω̂ij = −εijkεijlωk = −ωl

The body angular velocity Ω is the total angular velocity of the rigid body with respect to the body frame, so

that Ω is expressed in terms of the total angular velocity in the “inertial reference frame”, ω as

Ω = R−1ω

with ω ∈ R3 and Ω ∈ R3.

Using the hat map,

(4.4) Ω̂ = R−1Ṙ

4.1. Kinetic Energy. For a rigid body occupying a smooth, compact region B of spatial M(x), the total mass

of the rigid body m is

m =

∫
B
ρ(X)d3X

with ρ being a mass density scalar function of the labels X.

Define the kinetic energy of the rigid body K to be

K =
1

2

∫
B
ρ(X)‖ẋ‖2d3X

Then from 4.1, 4.4

K =
1

2

∫
B
ρ(X)‖ṘX‖2d3X =

1

2

∫
B
ρ(X)‖R−1ṘX‖2d3X =

1

2

∫
B
ρ(X)‖Ω̂X‖2d3X =

1

2

∫
B
ρ(X)tr((Ω̂X)(Ω̂(X))T )

with

‖Ω̂X‖2 = Ω̂ijXjΩ̂ikXk = tr((Ω̂X)(Ω̂X)T )

Going further

(4.5) K =
1

2

∫
B
ρ(X)tr((Ω̂X)(Ω̂X)T )d3X =

1

2
tr(Ω̂(

∫
B
ρ(X)XXT d3X)Ω̂T )

Notice that Ω̂ is the body angular velocity that is independent of the label X.
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Also notice the integral in the right-hand side (RHS) of 4.5 which we define as the coefficient of inertia matrix

of the rigid-body, J

(4.6) J =

∫
B
ρ(X)XXT d3X

where J is symmetric and constant in time.

The kinetic energy can be rewritten as follows:

K =
1

2

∫
B
ρ(X)‖Ω̂X‖2d3X =

1

2
ΩT (

∫
B
ρ(X)X̂T X̂d3X)Ω

Then using the identity X̂T X̂ = ‖X‖21−XXT , then define the moment of inertia tensor I, which is also constant

in time:

(4.7) I =

∫
B
ρ(X)(‖X‖21−XXT )d3X

5. Lagrangian

The Lagrangian formulation of the rigid-body dynamics is summarized by Holm et. al. in [1, Theorem 7.2]:

Theorem 1 (Euler-Poincaré reduction for the free rigid body motion (and non-free motion)). ∀ curve R(t) in

SO(3), let Ω̂(t) := R−1(t)Ṙ(t).

Consider the Lagrangian of the free rigid body L : TSO(3)→ R

L(R, Ṙ) =
1

2
tr(ṘJṘT ) =

1

2
tr(Ω̂JΩ̂T ) =

1

2
ΩT IΩ

and the so-called reduced Lagrangian l : so(3)→ R

l(Ω̂) = L(R, Ṙ) =
1

2
tr(Ω̂JΩ̂T ) =

1

2
ΩTJΩ

Then the following are equivalent:

(i) The variational principle holds

δ

∫ b

a

L(R(t), Ṙ(t))dt = 0

(ii) R(t) satisfies Euler-Lagrange equations for L on TSO(3), i.e.

∂L

∂Rij
− d

dt

∂L

∂Ṙij

= 0

(iii)

(5.1) δ

∫ b

a

l(Ω(t))dt = 0

on so(3) ' R3, using variation

(5.2) δΩ = Σ̇ + Ω× Σ

where Σ(t) is an arbitrary path in so(3) ' R3 s.t. Σ(a) = Σ(b) = 0

(iv) Euler’s equation holds:

IΩ̇ = IΩ× Ω

For the non-free rigid-body motion, the equation of motion is given as follows:

(5.3) IΩ̇ = IΩ× Ω + u

where u is the torque exerted on the body as felt (or seen) on the body.
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6. Equations of Motion

The continuous equations of motion for attitude dynamics of a rigid body are recovered [1], [2]

IΩ̇ + Ω× IΩ = u(6.1)

Ṙ = RΩ̂(6.2)

where 6.2 is the reconstruction (or attitude) formula. It is a differential equation with time-dependent

coefficients. Solving for R yields the integral curve R(t) ∈ SO(3) for the orientation of the rigid body.

7. Variation

Define Σ̂ ∈ so(3) by

(7.1) Σ̂ = R−1δR or δR = RΣ̂

Let Σ̂ = Σ̂(t) be a vector field on so(3) i.e. Σ̂ ∈ X(so(3)). This is possible as R = R(t) is parametrized by time t

and so is Σ̂ via 7.1.

The flow θ of left-invariant vector field Σ̂ is given by

θt = Rexp (tΣ̂)

so that

θt(R) = Rexp tΣ̂R = R exp (tΣ̂)

dθ(R)

dt

∣∣∣∣
t=0

=
d

dt

∣∣∣∣
t=0

R exp (tΣ̂) = RΣ̂ = δR

So keep in mind that

(7.2)
dΣ̂

dt
= −R−1ṘR−1δR+R−1δṘ so R−1δṘ =

dΣ̂

dt
+R−1ṘΣ̂

Note exp : so(3)→ SO(3)

tΣ̂ 7→ exp (tΣ̂)

is a smooth mapping that restricts to a (local) diffeomorphism from some neighborhood

of 0 in g = so(3) to some neighborhood of e in G = SO(3).

So in doing a push-forward of left translation LR−1 , (LR−1)∗, tR
−1δR is well defined as a variation, as tR−1δR =

tΣ̂.

Now recall that Ω̂ = R−1Ṙ ∈ so(3). Then, along with substituting in 7.2,

δΩ̂ = δ(R−1Ṙ) = −R−1δRR−1Ṙ+R−1δṘ = −(R−1δR)Ω̂ +R−1δṘ =

= −(R−1δR)Ω̂ +
dΣ̂

dt
+R−1ṘΣ̂ =

dΣ̂

dt
+ [Ω̂, Σ̂]

with commutation [ , ] denoting matrix commutation. Using the inverse of the hat map, the “vee” map ∨,

∨ : so(3)→ R3,

(7.3) δΩ = Σ̇ + Ω× Σ
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